Distribution: To maintain the integrity and usefulness of cases published in INFORMS Transactions on Education (ITE), distribution of these teaching notes to any other party is prohibited. Please refer interested instructors to ITE for access to the teaching notes.
Through an emphasis on data (its collection, analysis, and quality/meaning), this case provides students at the introductory (undergraduate or master's) level with an opportunity to apply basic concepts of probability to a real problem taken from an actual newspaper article (Dodd 1999) . To analyze this case, students must apply the following concepts from basic probability:
• marginal probabilities (i.e., What is the probability of a low level of cocaine on a bank note?);
• joint probabilities (i.e., What is the probability of both a low level of cocaine and a low level of Ecstasy on a bank note?);
• conditional probabilities (i.e., What is the probability of a low level of cocaine on a bank note given the note has a low level of Ecstasy?);
• methods of assigning probabilities to events (these probabilities are based on a sample of 500 bank notes and have been assigned to outcomes using the empirical relative frequency method);
• statistical independence (i.e., Is the presence of a low level of cocaine on a bank note more likely/less likely if the bank note also is contaminated with a low level of Ecstasy? How is a bank note passed while in circulation?);
• randomness (i.e., How were these 500 bank notes collected?); and
• the binomial probability distribution (i.e., What is the probability a bank note will be passed 500 times and not be contaminated with a low level of cocaine? What is the probability that 496 or fewer bank notes from a sample of 500 will be contaminated with a low level of Ecstasy?).
They must also consider the following issues in inference and the design of experiments:
• model assumptions and their ramifications (i.e., Are the individuals who handle a bank note while it is in circulation independent? Is the probability of contamination constant for all individuals who could handle a bank note? How useful are the binomial models if these conditions are not met?);
• sampling methods (Were the bank notes collected through probability or nonprobability/convenience sampling? If they were collected randomly, was the sample a simple random sample? A stratified random sample? A cluster sample? A systematic random sample? Are the bank notes collected independently? Could a single employee of the Bank of England's Returned Note Centre be responsible for the contamination of many bank notes? Were all of the bank notes at the Returned Note Centre collected from the same neighborhood/area? What is the impact on the analysis of the answers to these questions?);
• sampling error (What proportion of all circulating bank notes are contaminated? How reliable is a sample of 500 bank notes?); and
• inference (confidence intervals and hypothesis testing) for qualitative data.
Background
Unlike a typical managerial case, "All of Britain Must Be Stoned!" provides students with little background about the individuals involved. Thus, students have no immediate reason (other than a possible inherent mistrust of government or print media) to question the motives of those involved, and so they can focus intently on the primary issues of this case. These 66 Additional information, including supplemental material and rights and permission policies, is available at http://ite.pubs.informs.org.
issues can be divided into the following two broad categories:
• analysis and interpretation of the data and • evaluation of the study design and data collection.
When analyzing a case, students should begin by (i) understanding the scenario and (ii) identifying and appreciating the specific question(s) to be addressed. The following questions are clearly provided in the final paragraph of the case narrative:
• What is the correct interpretation of the data from the BBC Newsroom South-East study? (i.e., Do the results suggest that Britain has a serious cocaine problem?)
• What is the nature of the relationship between cocaine use and Ecstasy use among British citizens?
At this point, students must consider (i) the information provided in the case narrative, (ii) other information they can gather, and (iii) methods for using this information to address the two questions raised by this case. Interestingly, Dodd (1999) has articulated the summary results in a wide variety of ways, which gives students an opportunity to demonstrate their understanding of the various manners in which probabilities can be expressed by laypersons. In the 1999 article, Dodd has stated the following.
• Scientists have found that more than 99% of bank notes tested from the capital were contaminated by the class A drug.
• Of 500 bank notes tested by experts at Mass Spec Analytical, just 4 were clean.
• Nearly 1 in 20 bank notes were found to have high levels of cocaine, suggesting that they had been in close contact with the illegal drug.
• Scientists also found that 4% contained traces of Ecstasy, with 1 in 100 bank notes testing positive for high levels of both cocaine and Ecstasy.
Each of these statements represents a unique and common way that probabilities are described in popular literature and the press. From these statements, students should surmise that
• the sample size is 500 bank notes;
• 496 of these 500 bank notes were contaminated with some level of cocaine;
• Almost 25 (nearly 1 in 20) of these 500 bank notes were found to have high levels of cocaine;
• 20 of these 500 bank notes (4%) were contaminated with traces of Ecstasy; and
• 5 of these 500 bank notes (1 in 100) were contaminated with high levels of both cocaine and Ecstasy.
Regarding traces of cocaine and Ecstasy, these statements imply the marginal frequencies shown in Table 1 .
Furthermore, these statements imply the marginal and joint frequencies on high levels of cocaine and Ecstasy that are shown in Table 2 . Because Dodd (1999) indicated that almost 25 (nearly 1 in 20) of these 500 bank notes were found to have high levels of cocaine, one can substitute 24 for this marginal total. However, Dodd (1999) is not specific and this value certainly could be 23 or 22, which is an interesting issue for class consideration (What does nearly 1 in 20 mean?). Finally, students must recognize that they are implicitly assuming that presence of a drug on currency is a surrogate for use of the drug, which is an extremely dubious assumption that is also an interesting issue for class consideration. This issue can be considered either at the onset of the class discussion or after the discussion of the analysis, depending on the pedagogical objectives of the instructor.
Issue 1: What is the correct interpretation of the data from the BBC Newsroom South-East study? (i.e., Do these results suggest that Britain has a serious cocaine problem?) A student must decide what constitutes a serious cocaine problem to address the first question. Specifically, the student must resolve whether either a trace or a high level of cocaine on a relatively large proportion of bank notes is sufficient evidence of a serious cocaine problem. He or she must further consider what constitutes a relatively large proportion of bank notes regarding the presence of the chosen level of cocaine (either a trace or a high amount). At this point, the instructor also has an opportunity to emphasize the subjective nature of these decisions and the importance of good ongoing communication with the client to avoid misunderstandings on such critical issues.
If a student chooses to focus on traces of cocaine and Ecstasy, he or she can easily use the marginal Additional information, including supplemental material and rights and permission policies, is available at http://ite.pubs.informs.org. However, one can put this number into proper context by considering a relevant binomial distribution. The article states that bank notes can be contaminated through (i) the residual body oil of an individual with cocaine in his or her system or (ii) transference from a contaminated bank note. Initially ignoring transference (which could increase the probability a bank note is contaminated), one could assume the probability that a bank note will be contaminated with cocaine on any single pass is some arbitrary value (say, 0.01) and that a bank note is passed a given number of times (say, 1,000) before it is delivered to the Bank of England's Returned Note Centre. If one further assumes
• contamination on passes of the bank note are independent and
• the probability that the bank note becomes contaminated is constant across passes, then the number of times the bank note will be contaminated with cocaine on X passes during its circulation life is binomial with n = 1 000 trials and p = 0 01. That is, for the number of passes on which the bank note is contaminated with cocaine passed during its circulation life X, one has X ∼ bin 0 01 1 000 and the probability that a bank note remains uncontaminated throughout its life is
Even under these rather conservative conditions (a relatively long circulation life of 1,000 passes of the bank note and a probability that a bank note will be contaminated with cocaine on any single pass of 0.01), the probability that a bank note will escape contamination throughout its circulation life is 4.3e -05 (about 1 in 25,000 or practically zero); thus the probability under these conditions that a bank note will be contaminated at some point in its circulation is 1 − 4.3e -05 = ≈1 00. Students should be able to easily determine that this probability approaches no chance of contamination decreases as the number of passes decreases and/or the probability of contamination on a single pass decreases. These results can now be used to address the ultimate question: Do the results suggest that Britain has a serious cocaine problem? An instructive way for students to think of this question is to consider the likelihood of getting results at least as extreme as those obtained in the sample, given the results of the previous analysis, i.e., the probability of getting no more than 4 contaminated bank notes in a sample of 500 if the probability that a bank note will be contaminated at some point in its circulation is 1 − 4.3e -05 (this portion of the case exercise is an excellent precursor to inference). If one now assumes that
• contamination of any bank note is independent of the contamination of any other bank note and
• the probability that a bank note will be contaminated over its circulation life is the same for all bank notes, then the probability that no more than 4 bank notes from a sample of 500 will be clean (not contaminated) can be found using the cumulative binomial distribution with n = 500 trials and an estimated p (from the previous analysis) of 4.3e -05. If one denotes the number of contaminated (by cocaine) notes in the sample as Y , then Y ∼ bin 4 3e-05 500 and the probability that this sample will include no more than 4 clean bank notes is P Y ≤ 4 = binomdist 4 500 4 3e-05 1
In other words, if one assumes that
• bank notes are passed 1,000 times before they are delivered to the Bank of England's Returned Note Centre;
• the probability that an individual holding a bank note will contaminate it with cocaine is 0.01;
• contaminations by holders of a particular bank note are independent;
• the probability that the bank note becomes contaminated each time it is passed during its circulation life is equal;
• contamination of a bank note is independent of the contamination of any other bank note; and
• the probability that a bank note will be contaminated over its circulation life is equal for all bank notes, the probability that a random sample of 500 bank notes collected from the Bank of England's Returned Note Centre would include 4 or fewer clean bank notes (i.e., not contaminated by cocaine) is practically 1.00. That is, even under rather conservative conditions, one is almost certain to collect 4 or fewer uncontaminated bank notes in a sample of 500 (i.e., given these assumptions, it is hardly surprising that so few clean bank notes were collected). Note that all calculations necessary for this model can easily be done in Microsoft Excel.
The case now provides an opportunity for discussion about these assumptions (some of which are obviously dubious) and the robustness of the model. Additional information, including supplemental material and rights and permission policies, is available at http://ite.pubs.informs.org.
The first two assumptions (made to justify the binomial probability model applied to the distribution of the number of contaminations for a single bank note) are rather conservative relative to the analysis. Most bank notes will likely be passed far fewer than 1,000 times during their circulation (an interesting issue for students to investigate), and the probability that a bank note is contaminated on a single random pass is likely (one hopes) less than 0.01. Even if the actual probability that a bank note will be contaminated on a single pass is 0.01, this probability embodies both contamination through the body oil of the last individual holding the bank notes and contamination through transference. Thus, this probability certainly exceeds the probability that the bank note was contaminated through the body oil of the last individual holding the bank note (so long as the probability of contamination through transference exceeds zero). Of course, students can and should debate the potential effect of transference on this estimate. A few examples (changing the number of times a bank note is passed and/or the probability that a bank note will be contaminated with cocaine on a single pass) with Microsoft Excel or other software will help students understand why the model is rather robust regarding these two assumptions.
The third and fourth assumptions (also made to justify the binomial probability model applied to the distribution of the number of contaminations for a single bank note) are problematic. Contaminations of a single bank note are not likely to be independent (this assumption would most certainly be violated by transference or use of bank notes in drug transactions). Furthermore, the probability that the bank note becomes contaminated each time it is passed during its circulation life is not likely to be constant; when a bank note is passed among heavy users and dealers, it is much more likely to become contaminated than when it is passed among light users and nonusers.
The instructor can now discuss the importance of these assumptions, the potential ramifications of violations, and the reasons that assessing the model's robustness regarding these assumptions is difficult (it is impossible to determine precisely how these violations will affect the performance of the model).
The final two assumptions (made to justify the binomial probability model of the distribution of the number of contaminated bank notes in a sample of 500) are problematic for similar reasons. Because Dodd (1999) article does not indicate that the sample of bank notes taken from the Bank of England's Returned Note Centre was a probability sample, one cannot assess whether contamination of a bank note is independent of the contamination of any other bank note (again, the potential of transference confounds the analysis). Furthermore, the probability that a bank bank note will be contaminated over its circulation life is not likely to be equal for all bank notes-new notes are released from different banks, some of which are located in areas of high crime and drug use. Again, this is an opportunity for the instructor to discuss the importance of these assumptions, the potential ramifications of violations, and the reasons that assessing the model's robustness regarding these assumptions is difficult.
A student who chooses to focus on high levels of cocaine can execute a similar analysis by using the information provided in the case (summarized in Table 2 ). one needs the joint frequency of cocaine and Ecstasy on notes and either the marginal frequency of cocaine on notes or the marginal frequency of Ecstasy on notes to complete this analysis. If a student chooses to focus on traces of cocaine and Ecstasy, s/he should eventually realize that the joint frequencies cannot be uniquely determined from the information provided in the case (summarized in Table 1 ). However, because the marginal frequencies are known and fixed, a sensitivity analysis can be performed by considering the least and most extreme cases of the joint frequency of cocaine and Ecstasy on notes. Additional information, including supplemental material and rights and permission policies, is available at http://ite.pubs.informs.org. The most extreme case (shown in Table 3 Some students may argue that these results indicate (i.e., prove) that traces of cocaine and traces of Ecstasy on bank notes are not independent, i.e., knowing a bank note has a trace of one drug enables one to better anticipate whether the bank note also has been contaminated with a trace of the other drug. However, the instructor should use this opportunity to discuss the three approaches to assigning probabilities to events-classical, relative frequency, and subjectiveand how these results are based on the relative frequency approach (and so are estimates of the true probabilities). Students must then struggle with the issue of whether the differences between the conditional and marginal probabilities in these expressions are large enough to enable them to confidently conclude that they are the result of something other than random variation. At this point, the instructor can initiate/lead preliminary discussions on the concepts of sampling error, variation, sample size, and statistical inference. The least extreme case (shown in Table 4 These results provide stronger evidence that traces of cocaine and traces of Ecstasy on bank notes are not independent. However, the issue of sampling error is still relevant and must be considered. The instructor should also note that the results under the most extreme case imply that a bank note contaminated with one drug is perhaps (slightly) more likely to be tainted with the other drug, while the results under the least extreme case suggest that a bank note contaminated with one drug is (somewhat) less likely to be tainted with the other drug. While subtle, this difference has critical ramifications on the interpretation of the results. At this point, the instructor should also note that between these two extremes lies the plausible case where the two events are independent. Thus, this sensitivity analysis could only potentially provide evidence on the independence of the two events as follows:
• if the difference between the conditional and marginal probabilities is negligible in both the most and least extreme cases, the results suggest that the two events are independent; and • if the difference between the conditional and marginal probabilities is substantial in either or both the most and least extreme cases, the results are inconclusive (because independence of these events lies between these two extreme potential outcomes, independence of the events is still plausible).
Again, a student who chooses to focus on high levels of cocaine and Ecstasy can complete a similar analysis by considering the most and least extreme cases regarding the data in Table 2 .
Finally, the instructor can greatly simplify the analysis required to respond to the questions raised in "All of Britain Must Be Stoned!" by specifying the joint frequency of some level of contamination by both cocaine and Ecstasy. This will allow the students to identify one of the joint frequencies in Table 1 , which, in turn, will enable them to use the marginal frequencies to deduce unique values for all other joint frequencies of this 2 × 2 table. For example, instructing the students that the number of bank notes found to contain traces of both cocaine and Ecstasy is 18 will yield the joint frequencies shown in bold in Table 5 .
Similar analyses can then be performed on these data. Of course, if the instructor initiates the case analysis and discussion by providing such information, he or she could ultimately extend and advance the case discussion by asking the students how they would handle the situation if this joint frequency were not made available. Additional information, including supplemental material and rights and permission policies, is available at http://ite.pubs.informs.org. 
Data and Study Design Issues
There are several areas of concern about the study design and execution in this case as follows:
• Was the sample of 500 bank notes taken from the Bank of England's Returned Note Centre selected randomly?
• Does England have only one Returned Note Centre for its currency? If not, does the Bank of England's Returned Note Centre receive bank notes from a geographic area that is representative of England?
• On any given day, do bank notes returned to the Bank of England's Returned Note Centre come from a particular geographic area or do they come from all over the region/country?
• Why was a sample of 500 bank notes taken?
• Have employees of the Bank of England's Returned Note Centre and Mass Spec Analytical who were involved in this study recently been tested for use of cocaine and/or Ecstasy?
• What is the potential effect of transference on this analysis?
• Is the presence of a drug on a bank note an appropriate proxy for use of that drug in Britain's population?
• Could the BBC Newsroom South-East or Dodd (1999) provide the missing data to support a more complete and accurate analysis?
• Are the facilities that produce the bank notes in the British Royal Mint clean?
Discussion of these points and their ramifications on the validity of the analysis is crucial to the students' full comprehension of the ultimate (and only rational) conclusion one can reach after reading this article-one who has read Dodd's (1999) article knows no more about the extent of Great Britain's drug problem or the relationship between cocaine and Ecstasy use in Great Britain than he or she did before reading the article!
Increasing the Accessibility of the Case
Many students in this course find this case to be somewhat complex and frustrating; they frequently have difficulty discerning between joint and conditional probabilities (the author's experience suggests that this is extremely common). However, the author's experience also suggests that the students' greatest challenges are to realize that
• there are actually two processes (whether an individual bank note is contaminated during its circulation and the number of contaminated bank notes in the sample of 500 that has been collected); and
• the results of modeling the first process (whether an individual bank note is contaminated during its circulation) provide a necessary and important input (the probability of contamination of a bank note during its life in circulation) into the second process (the number of contaminated bank notes in the sample of 500 that has been collected). The author alleviates his students' frustration and encourages their critical analyses by (i) allowing the students to work in small groups during a portion of a class meeting and ask questions of him and/or (ii) offering strategic hints such as:
• Think about how to model the probability that a single bank note will never be contaminated during its circulation. (Depending on the author's sense of how the students are progressing, the author may go so far as to discuss how the probability of an event not occurring in n trials is the complement of the event occurring any number of times, i.e., P X = 0 = 1 − P X = 1 + P X = 2 + · · · + P X = n P .)
• Consider that there are actually two processes to model:
whether a single bank note is contaminated during its circulation; and the number of contaminated bank notes in the sample of 500 that has been collected.
• While you are modeling this problem, consider the issues with the data (what it represents, how it was collected, etc.) and the impact these factors may have on the validity of your final conclusions.
Once students realize that there are actually two processes and that the results of modeling the first process will provide a necessary and important input into the second process, they are generally ready and able to analyze this case.
The Pedagogical Purpose for Modeling Prior to Assessing the Scientific Validity of the Study Featured in the Case
Proceeding with the modeling process before critically assessing the scientific validity of the study design (variables considered, methods of measurement, sampling design, data collection, etc.) is certainly ill-advised in practice. However, the instructor allows students to proceed in this manner when analyzing "All of Britain Must Be Stoned!" for the following two reasons:
1. Many of the issues with the scientific validity of the study design are inextricably linked to violations of the assumptions (independence of events, equal likelihood of occurrence across observations, Additional information, including supplemental material and rights and permission policies, is available at http://ite.pubs.informs.org.
etc.) of the probability models used by the students to analyze this case. Thus, issues of study design will arise naturally in the discussion of the modeling process, and the instructor can use this opportunity to stress the importance of considering the assumptions of any model prior to data collection and model construction.
2. Most students (and many experienced analysts) insist on proceeding in this manner. The author wants his students to learn to think critically and question information naturally. His classroom experience suggests that if the discussion of this case begins with a critique of the study design,
• the motivation for a discussion of modeling is virtually eliminated (which it should be, but this would prevent the author from achieving some of his pedagogical objectives), and
• students will learn that the instructor questions everything rather than learning that they should question (or should have questioned) everything.
While students may be initially frustrated to learn that their efforts to construct and interpret probability models have been for naught, most will develop a better understanding of the importance of an initial critical evaluation of the study design and plan for data collection under these circumstances. They also develop an enhanced appreciation of the importance of the assumptions of a model and the critical relationships between study design, data collection, modeling and analysis, and the validity/meaningfulness of results.
Using the Case to Motivate Discussions of Ensuing Concepts
Generally, the primary objective of the discussion of probability in an introductory statistics course is to support consideration of concepts of statistical inference (interval estimation and hypothesis testing). While this case (through its emphasis on probability modeling) is unique in that it provides students in these classes with an alternative perspective on probability, the premise of this case can also be used to establish the underlying concept of inference. When conducting statistical inference, one generally assumes a particular state of nature and then assesses how likely he or she would collect sample results at least as extreme as those that have actually been collected if the assumed state of nature accurately reflects reality. If the method of inference is appropriate and this likelihood is small, then either (i) the assumed state of nature is inaccurate or (ii) the sample does not accurately reflect the population.
In the analysis of "All of Britain Must Be Stoned," one assumes a state of nature (identical and independent Bernoulli trials with a given number of trials n and particular likelihood of success p on each outcome). Ultimately, the likelihood that a sample of size n would yield sample results at least as extreme as those found in the sample of bank notes taken by the BBC Newsroom South-East (i.e., the probability of collecting at least four bank notes that are not contaminated in a sample of 500) is estimated. Because this likelihood is extremely small, then (i) the method of inference is inappropriate, (ii) the assumed state of nature is inaccurate, or (iii) the sample does not accurately reflect the population. Through such a discussion, the analysis of this case for the probability module can provide a natural example of the critical link between probability and statistical inference.
Student Feedback
Student feedback on this case has been consistently positive. In anonymous student evaluations administered at the end of the academic term, many have commented on how much better they understood the basic laws and relationships of probability after working through the issues and data provided in "All of Britain Must Be Stoned!" Others have indicated that they developed a much greater appreciation of the applicability of probability to everyday life. Still others have been astounded to realize the importance of thinking critically about what is reported by a legitimate and respected news source. Although the author has not conducted a rigorous experiment to assess the impact of this case on the performance of his students, he has noted a substantial improvement in the quality of their discussions of probability concepts in his office, in the classroom, and on exams.
Ultimately, this case provides students with lessons in (i) thinking stochastically, (ii) using basic laws and relationships of probability to analyze problems and answer questions, and (iii) critically assessing a news story. Each of these lessons has great value, both as independent lessons and as a conduit to understanding other concepts in probability and statistics.
News Stories for Background Reading on Cocaine
Because the author knew little about cocaine or its abuse when he began to create this case, he collected several newspaper articles and news stories from the Internet over the past several years for use as background and reference material (there are many and they are easy to find). Several of these articles focus on celebrities, actors, musicians, and athletes who have experienced some of the harmful effects of cocaine addiction/abuse. Others focus on shocking stories of private citizens (a nine-year-old boy, an elementary school principal) caught possessing or distributing the drug. Articles such as these can be used by the instructor to supplement the classroom discussion of "All of Britain Must Be Stoned!" Additional information, including supplemental material and rights and permission policies, is available at http://ite.pubs.informs.org.
Instructors should also note that several articles on using the presence of drugs on currency as evidence of drug abuse have appeared in the news and academic literature. For example, a recent Associated Press report (2009), "There's Probably Cocaine in Your Wallet," provides a summary of research results reported by Zuo et al. (2009) at the 238th American Chemical Society National Meeting that are strikingly similar to those reported by Dodd (1999) . A partial list of other articles on this topic includes Hayes (1993) , Oyler et al. (1996) , Holstrom (1997) , Gadsby (1998) , Gottlieb (1998) , Negrusz et al. (1998) , Siddique (2003) , Skelton (2005) , Bohannon (2007) , and Helm (2007) . Each of these articles is relevant and could be reviewed/used by an instructor considering this case.
Finally, note that Acheson (1999) has also written a case on this subject (albeit for a science course with stronger emphasis on the chemistry issues). While an instructor may be concerned that a student may find one or more of these sources and use the information in his or her case analysis, the author believes such a student must still process and analyze the information in the case and will still accrue the benefits of this case assignment.
